We examine the transmission problem in a two-dimensional domain, which consists of two different homogeneous media. We use boundary integral equation methods on the Maxwell equations governing the two media and we study the behaviour of the solution as the two different wave numbers tend to zero. We prove that as the boundary data of the general transmission problem converge uniformly to the boundary data of the corresponding electrostatic transmission problem, the general solution converges uniformly to the electrostatic one, provided we consider compact subsets of the domains.
Introduction
Low frequency boundary-value problems for acoustics, electromagnetism and linear elasticity have already been considered by many researchers. The case of the threedimensional problem is presented in the books by Dassios and Kleinman [5] and Colton and Kress [4] . Transmission boundary-value problems in three dimensions have been considered by Kress and Roach [7] in acoustics, and Wilde [10] in electromagnetics who proved the uniqueness of the solution.
The essential characteristic of the two-dimensional case, as compared to the threedimensional one, is that the fundamental solution, which is the Hankel function of first kind and order zero, tends to infinity as the wave number k tends to zero. The low frequency behaviour of the solution for the exterior boundary-value problem, in two dimensions, is presented in the works of Werner [9] and Kress [6] . These authors considered a suitable combination of a single and double layer potential and proved that the solution of the Helmholtz equation tends to the solution of the Laplace equation as k tends to zero. This idea has been adopted by the present authors in an exterior boundary-value problem for the vector Helmholtz equation [2] . The transmission problem for the Helmholtz equation in two dimensions is studied in [1] . There, the case of different wave numbers is investigated, and the uniqueness of the solution is proved under the assumption that the relevant parameters satisfy a suitable condition.
This paper is organised as follows. In the next section we recall some basic facts about the two-dimensional electromagnetic problem. Then, in Section 3, we focus on the electromagnetic transmission problem in R 2 for two different regions, the unbounded which is lossless and the bounded one, and establish the relevant formulation. Finally, in the last section, we prove that the solution of the general transmission boundary-value problem converges uniformly to the solution of the corresponding electrostatic transmission problem as the relevant wave numbers of the two domains both tend to zero. This is true provided that the boundary data of the general problem converge uniformly to the boundary data of the corresponding electrostatic transmission problem, and we have considered compact subsets of the domains.
Basics of the two-dimensional electromagnetic problem
Let D, be a bounded open region in K 2 . We denote the exterior domain by D, := IR 2 \D,, which is connected, and-the boundary by 3D, belonging to the class C 2 . Let C Oa (dD), 0 < a < 1, be the space of uniformly Holder continuous functions defined on 3D and the unit normal vector to the boundary, v, directed into the exterior D,. We also define the normed subspaces [4] We consider electromagnetic wave propagation in a homogeneous isotropic medium in 08 2 with angular frequency co > 0, which will be described by the electric and [3] Low frequency asymptotics 399 magnetic fields
where a is the electric conductivity, while the electric permittivity e and the magnetic permeability \i are real positive constants. where the wave number k is given by k 2 = efico 2 + i/xaa) and we choose the sign of the wave number such that Im k > 0.
If E and H satisfy (2.1), then it has been proved in [4] that they also satisfy the vector Helmholtz equations Since E, H satisfy the same vector Helmholtz equation, with the same wave number, respectively, in what follows we study the asymptotic behaviour of E, as k, k t -> 0.
The two-dimensional electromagnetic transmission problem
In order to distinguish the constitutive parameters and the field quantities in the two different media D e and D,, we introduce subscripts e or / respectively. Since the medium in the unbounded domain D e is assumed lossless (a e = 0), we omit the subscript in the wave number k e = k > 0,
By contrast, in D, the wave number k, is given by kj = £,//,a> 2 + ifi/ViCD, with CT, > 0.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100009913
Then the vector Helmholtz equations describing the situation in the two domains D e and D, appear as In order to study the transmission problem, the following boundary conditions must be satisfied [8] :
where r e 3D, while c t , rf* € ^O o r are given tangential fields. Moreover, the electric field in D e must satisfy the Silver-Miiller radiation condition: satisfying the boundary conditions
where c 0 , rf 0 € ^O o r are given tangential fields and at infinity £ 0 (r) = O(l), |r|-*-+oo (3.10) uniformly over all directions r/\r\.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100009913 [5] Low frequency asymptotics 401
Low frequency asymptotics
Let d> t (r, r') = *-H< l \k\r -r'|), r^r ' ,^0 Since the Hankel function //Q" tends to infinity as k -*• 0, we consider the following solution to the transmission electromagnetic problem described in Equations (3.1)-(3.5), as done in the case of the exterior problem [2] : . By the jump relations for vector fields [4] , as r tends to the boundary, we have
where the superscript (-) indicates that the limit is obtained by approaching the boundary from inside D,. Substituting (4.4) and (4.6) into (3.3), we obtain on the boundary
where Now in (4.11), we use the jump relation as r tends to the boundary, so we take
(r, r') -m<S>k,(r, r')]a k (r')ds(r')
x V r x / [<D 0 (r, r ' ) Jao ao and we use the triangle inequality to prove our assumption.
• We now formulate the main result of this paper. use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100009913
